Abstract-This paper investigates the synthesis of a spatial stiffness matrix using simple line springs. A new algorithm is developed, which enables the selection of constituent springs based on their positions and directions. The constraining space of the line springs is then investigated. It is shown that an isotropic stiffness matrix, in general, can be split into the sum of two rank-3 stiffness matrices. The three line springs of the first matrix can be selected to pass through any arbitrary points in space, while the three line springs of the second stiffness matrix lie on a quadric surface, which is usually a hyperboloid of one sheet.
I. INTRODUCTION AND MOTIVATION
T HE control of the motion of a robot manipulator interacting with the environment usually requires the design of the manipulator's spatial stiffness, and its exact specification depends on the nature of the task [1] . For example, when a robot hand is grasping a peg for insertion into a hole, rigid position control of the robot hand trajectory will likely result in jamming, and a compliant grasp is more appropriate. The desired stiffness can be achieved by applying an active control algorithm, or using a passive structure, such as a compliant end-effector. Active control is more flexible in changing the stiffness, while passive synthesis has the advantage of wider bandwidth (fast response) in the servo control loop.
Loncaric [8] pioneered analyzing the synthesis of a spatial stiffness matrix using simple line springs. Recently, Huang and Schimmels [5] analyzed the sufficient conditions for realization using passive line springs, and developed an algorithm which uses a maximum of seven springs. Roberts [12] and Ciblak and Lipkin [3] presented another algorithm that uses only six springs. These algorithms concentrate on the algebraic partitioning of a square matrix, and there is still a lack of methods that use geometric parameters to select the constituent springs. For practical consideration, it is usually desirable to select the springs so that their axes intersect the surface of an object, for example, when the stiffness of the object is controlled by the stiffness of the robot fingers in contact. This paper is motivated by the desire to synthesize a stiffness matrix with such a constraint.
Parallel connection of simple line springs can only produce an isotropic type of stiffness [5] . There are algorithms for synthesizing an arbitrary positive-semidefinite stiffness matrix [7] , [14] , but they all require screw-type springs. Hence, the research of synthesis algorithms using only simple line springs is still important, as the construction of simple line springs is more practical than that of screw-type springs.
Stiffness matrix can be visualized as a linear function that maps an input twist to an output wrench. As such, synthesis of the stiffness matrix with simple line springs will be similar to the Taylor series expansion of an ordinary function. The study of the components of the series may review extra properties of the function. For example, it will be shown that an isotropic stiffness matrix consists of six simple line springs which will usually gather around a unique quadric surface, typically a hyperboloid of one sheet. The location of the hyperboloid of one sheet can then be taken as an estimate of the configuration of the energy storage elements (equivalent to line springs) of the object from which the stiffness is measured.
The following are the main contributions of this paper. 1) A modified algorithm is presented, resembling the second method mentioned in Roberts [12] for realization of an isotropic spatial stiffness matrix. When compared with others in the literature, the new algorithm has the major advantage of enabling the selection of springs based on their positions and directions. 2) We show that any isotropic spatial stiffness matrix can always be partitioned into the sum of two rank-3 matrices, one of which contains three line springs passing through any point in space. The second matrix will then contain three line springs lying on a quadric surface. 3) The possible geometric structure of the springs is analyzed. We show that a unique quadric surface can be identified with an isotropic stiffness matrix, whose configuration is invariant with the reference frame. The axes of the six component springs will usually gather near the unique quadric surface.
II. SPATIAL STIFFNESS AND SIMPLE LINE SPRINGS
A twist is usually written as a vector , in which represents linear motion and represents rotational motion. When a twist is applied to a compliant object, a wrench will be produced. It is usually written as , in which represents linear force and represents the torque. Although twist and wrench are written as 6-vectors, they should be distinguished from each other. In particular, when the reference frame is changed, twist and wrench would be transformed in a different manner [8] , [9] . With such definitions, spatial stiffness is represented as a matrix , which relates input twist linearly to output wrench , i.e., . Let a simple line spring connect an object at point and point in the direction of unit vector (Fig. 1) . Let be the origin of reference frame.
Huang and Schimmels [5] showed that the stiffness matrix of a line spring is equal to where
is the characteristic vector of the wrench that the line spring can produce. is the spring constant. We shall denote as , where is a skew symmetric matrix. Huang and Schimmels [5] also showed that the necessary and sufficient condition for a symmetric positive-definite (PD) stiffness matrix to be synthesized with parallel connection of simple linear springs is that the trace of the off-diagonal block is zero, or, more specifically (2) where (3) In the following, we shall call isotropic if it satisfies (2), and we shall assume is symmetric PD and isotropic in all subsequent sections. A vector is also defined to be isotropic if where .
III. ALGORITHM

A. Partitioning Stiffness Matrix
Let be a spatial stiffness matrix with rank-6. Let be the characteristic vectors of line springs, and be their corresponding spring constants. Suppose we partition into six line springs where all 's are isotropic
On rearranging, As is rank-6, must be linearly independent. This implies (6) and (7) Equations (6) and (7) are the conditions used for deriving the constituent line springs. Condition (6) can also be derived from the expression of in [12] (see Appendix A). The method to be described resembles the second algorithm presented in [12] , in which the springs are selected in sequence and constrained by the selection of previous springs. The main advantage of the present method is that the physical location and direction of each spring are used in the selection, instead of using abstract parameters.
The stiffness matrix of a line spring is a rank-1 matrix of the form , where and . We select the first spring based on geometrically desirable properties, and scale the spring constant so that drops rank. Afterwards, we try to find , such that satisfies another geometric property, together with the constraint that . Afterwards, we select with another geometric property satisfying and . The process is repeated for other springs. Each time a new spring is selected, an extra constraint in the form of (6) is generated, and reduces the allowable dimension of choice of geometric properties for subsequent springs.
B. Selecting the First Line Spring
Let and . First, we aim at finding a stiffness matrix , such that drops rank. In such a case, there must be a such that This is possible for any arbitrary if we select and , such that and A line spring with characteristic vector passing through a given point in the direction , where , can be given by (8) is the direction of linear force and is the direction of rotational torque. It should be noted that (8) describes any spring whose axis passes through any point on a straight line that passes through point with direction vector , i.e., . After selecting and for the characteristic vector of the first spring, the spring constant can be calculated by (7) .
In the following sections, will denote the characteristic vector of the th spring whose axis has direction vector and passes through point .
C. Selecting the Second and Third Spring
If we want to select the second spring as (9) then must be reciprocal to as restricted by (6) . Substituting (9) for (6), we have (10) Let then (10) implies which is the allowed space of for constructing from (9) . Note that is arbitrary. Similarly, let the third spring be given by (11) Then from (6), must be reciprocal to both and , i.e., (12) Let and then must be perpendicular to both and . This is possible by choosing
The spring constant can be obtained by (7) . Note that is still arbitrary.
If we select and proceed as above, has to satisfy the following three equations:
This is generally impossible unless also satisfies certain conditions, as will be established in later sections.
D. Selecting a Common Point
In the above discussion, the choices of and , where the three line springs pass through, are arbitrary. An interesting choice is to put . In such a case, the axes of all three line springs meet together at the same common point. This may be a desirable condition if is a point inside the object to be grasped. When compared to the algorithm presented in Huang and Schimmels [5] , which will also produce the first three line springs that meet at a common point, the present method offers the additional choice of direction of springs.
To check that and are component line springs, we let and . It can be verified that . As the space spanned by , and is rank-3, has a null space of rank-3, and the rank of must then be . Moreover, . and are then both rank-3 isotropic components of and, hence, must be stiffness matrices made of simple line springs.
From the above discussion, an isotropic stiffness matrix can always be partitioned into two rank-3 components, where the first part is made up of three line springs passing through any given common point in space. However, it is impossible to split the second stiffness matrix into three line springs passing through another common point because, in such a case, a pure rotational motion around the axis joining the two points will produce zero wrench (see Fig. 2 ).
E. Partitioning
Using the algorithm from Roberts [12] , we are sure that can always be partitioned as follows, where are isotropic: (13) We now investigate the geometric space of the springs, which would enable us to select and with geometric parameters. For simplification, assume , and of pass through the same common point . This assumption may be relaxed, with slight modifications, in subsequent analysis. Let (14) where From (6) , and must belong to the null space of , which we denote to be spanned by the columns of a matrix given in (15) (15) Fig. 2 . When the springs meet at two common points, rotation around the axis will result in no torque.
Although we have no restriction on the rank of , we shall further assume that it is rank-3 in the rest of the algorithm. This may not be always valid. However, in such cases, only minor changes in the algorithm will be required.
The null space is equivalent to the space spanned by the columns of where because Hence, to find , a must be selected so that is isotropic. This is equivalent to finding a such that it is perpendicular to , or, equivalently,
for some which is a point on the spring axis. Solutions for and in (16) exist, if (17) which implies (18) On expanding, the following equation of a quadric surface is obtained.
(19)
We shall show in later sections that if is full rank, then (19) represents a hyperboloid of one sheet, and is the direction of the generator line on such a surface (see Fig. 3 ).
F. Selection of , , and
can be constructed by choosing any on the surface in (19), and can then be calculated from the null space of ( ). Again, is given by (7). After choosing , the remaining stiffness matrix will be rank-2. We need to find , such that where and are isotropic. Let the range space of be spanned by the columns of , where
If the second column of is isotropic, we can scale it such that the upper three elements become a unit vector. The resulting vector can then be assigned to . Afterwards, the resulting matrix is rank-1, whose range space can be similarly scaled to produce . In both cases, and are calculated from (7) .
If the second column of is not isotropic, then any possible component spring for and must be a scalar multiple of the following form:
In addition, must also be isotropic, i.e. which implies the following quadratic equation:
Real solutions must exist, as is isotropic, which can always be split into simple line springs. There are only two values and satisfying (22), which must correspond to and , respectively, i.e., and .
are used to scale and , so that the first three elements of and are unit vectors. Again, and can be calculated from (7) . The nature of the solution also means that there is no choice for and . They are fixed by the selection of already. This agrees with the analysis of dimension of solution space in Ciblak and Lipkin [3] . 
IV. GEOMETRIC PROPERTIES
A. Spring Configuration Subspaces
The above algorithm first finds three linear springs passing through a given point. Afterwards, the remaining stiffness matrix is rank-3 and spanned by , as defined in (15) . With the assumption that is rank-3, the solution for spring axis direction and a point on the spring axis will be given by (18). To select a spring from it, we only need to select an that satisfies (18). Afterwards, we choose unit vector from the null space of ( ) with . Once a pair of and is found that satisfies (17) , all points on the straight line passing through with direction vector must also satisfy (17) . This can be deduced from the fact that (23) Hence, only those types of quadric surfaces that embed straight lines can be possible candidates for (18). This rules out ellipsoid, two-sheet hyperboloid and elliptic paraboloid [2] , [16] .
Besides the null space of the matrix ( ), there is another straight line with direction , such that (24) is a vector that is normal to the range space of ( ), i.e.
In such a case, and ( ) will have the same range space and, hence, the dimension of the combined range space as given in the left side of (24) will be unchanged. is the right null space and is the left null space. The two null spaces will not be the same, because (
) cannot be symmetrical for all . In general, (18) consists of those quadric surfaces on which every point is the intersection of at least two different straight lines lying on the same surface. This rules out all cylinders and cones. When there are exactly two such straight lines for each point, the lines are called the generator lines of the surface, and there are two families of generator lines. Such a surface is called a ruled surface and, in fact, only hyperboloid of one sheet and hyperbolic paraboloid (see Fig. 4 ) have this property. Other degenerate cases are a single or a pair of planes. Previously, we see that the direction of these straight lines can be found from the left and right null spaces of the expression ( ) and the direction of spring is related to the right null space.
If the stiffness matrix occurs in random without special design properties, and will be rank-3, and the resulting structure will be a hyperboloid of one sheet. Its configuration has some nice properties, as given in the following theorem. 
As , (27) is a hyperbolic paraboloid.
B. Unique Quadric Surface
Using the definition of characteristic vector in (8) and spring constant in (7), we can express the stiffness matrix of a single simple line spring as in (28) (28) is a point on the spring axis, and is a unit vector representing the direction of the spring axis. We see that both the denominator and the elements in the lower right block of the nominator are second-order polynomials of elements of . Hence, as approaches infinity, i.e., when we choose a line spring whose axis line is at a far distance from the origin, the resulting stiffness matrix will be of the form given in (29) where (29) Note that is the minimum distance from the origin to the line of spring axis. A spring may be located far from the origin, while having zero if its axis line intersects the origin. With the above reasoning, if we choose a component line spring with an axis line approaching infinity, the resulting spring will behave as a rotational spring and generate zero linear force. Equivalently, this means that the spring constant would be zero. This can also be explained by the fact that if the spring constant is nonzero, then a linear force will be generated at infinity due to linear motion, and this will produce an infinite torque.
We have implemented an algorithm using line springs at a finite distance from the origin. We shall show below that we can modify the algorithm to use three rotational springs [5] in the implementation. As explained above, these three rotational springs can also be interpreted as three line springs with axis lines located at a far distance from the origin. The concept of rotational spring is used, as it is more practical to implement pure rotational spring, when compared to the implementation of line spring with the axis at a far distance away.
We start by choosing the characteristic vectors of the first three springs as where
The spring constant can be obtained by (7) . is arbitrary for the first spring. Using the constraint in (6) We assume is rank-3, and is made up of line springs lying on a hyperboloid of one sheet. Then the characteristic matrix of the surface would be given by according to Theorem 1, where On using (32), we obtain (33) Theorem 2: For any full rank isotropic stiffness matrix , and with given by (31), the matrix represents a unique ruled quadric surface whose configuration and position is invariant, with respect to changes in reference frame on the stiffness matrix.
Proof: Suppose we implement the first three springs with rotational springs and obtain in (33), which characterizes a quadric surface for the other three line springs. Let be the total stiffness of the three rotational springs, and be that of the remaining three line springs. As consists of rotational springs only, it must be of the following form where :
After transforming to a new reference frame, the new expression of will be given by where is the orientation matrix of the new reference frame. As also represents rotational stiffness only, it can be implemented using three rotational springs. Hence, in the new reference frame, the line springs of the new will be constrained by another quadric surface. If we implement the new with the same line springs used in the original , the three line springs will stay on the two quadric surfaces before and after the transformation. Hence, the two surfaces must be identical, as the selection of line springs on the quadric surface is arbitrary.
It should be noted that the above theorem does not imply that is constant. Rather, it is the position and dimension of the quadric surface that it represents that remain fixed. . is a diagonal matrix, whose diagonal elements are the eigenvalues of , listed in descending order. According to the above theorem, we should always have Fig. 5 . If the first three springs are selected with axis lines located at infinity, then the other three springs will be restricted to lie on a unique quadric surface which is invariant with the coordinate frame. and the th column of should be parallel to the th column of . (The th column of may be in reverse sign to the th column of without changing the configuration of the hyperboloid of one sheet, because the surface is symmetrical with respect to the three planes spanned by any pair of column vectors of .)
If we choose the first three component springs with axis lines located at infinity, the other three springs will stay on a unique quadric surface (see Fig. 5 ). By symmetry, if we move the last three springs from the quadric surface toward infinity, such that their axis lines have infinite distance from the origin, the first three line springs will come back onto the unique quadric surface. Hence, the axes of the six component springs cannot be located at far distances from the origin simultaneously. If we select the spring locations by random, it is likely that these spring axes will gather around the unique quadric surface, which can then be interpreted as an estimate of the location of the energy storage/exchange elements of the isotropic spatial stiffness.
We have shown that given an isotropic stiffness matrix, it can be modeled to consist of two components (see Fig. 6 ). The first component consists of three rotational springs that produce pure torque only. It also represents three simple line springs with axes located at infinity. The second component consists of three simple linear springs which are restricted to a unique quadric surface. The configuration of that surface is a property of the isotropic stiffness matrix, and is invariant to change in reference frame. The second component is also responsible for producing linear force. With pure small linear motion, the first rotational component will produce no reaction torque and the resultant wrench is produced by the second component only.
C. Common Point for
The constraining surface of hyperboloid of one sheet for the springs of depends on the choice of common point of . The center of symmetry of the hyperboloid given by (25) is a complicated function of . If we select the common point such that it is located near to or inside the tunnel of the resulting hyperboloid, then we can be sure that an object that is bigger than the tunnel can be attached with the resulting six springs for achieving the desired stiffness. There is a choice of with such a property. It is the center of stiffness as defined by Loncaric [8] .
Accordingly, for any given stiffness matrix , there is a unique reference frame such that the expression of the has been transformed to the configuration such that the stiffness matrix's off-diagonal block is diagonal. The three coordinate axes of the new reference frame is displayed inside the tunnel, where they intersect at the new origin which is also the common point where the first three line springs meet. stiffness matrix will be transformed into the following normal form after transferring to that reference frame:
The stiffness matrix in (35) has the property that pure linear motion along the axis will produce a wrench, with the torque having an component only. A similar property holds for and . Suppose the stiffness matrix has been transformed into the new reference frame and the first three springs of have been designed to pass through the new origin. If we project the six springs onto the , and planes, respectively, the first three springs should pass through the origin in all projections, while the springs and would form a triangle in each case. We claim that the origin (common point of ) must lie within the triangle in each corresponding projection, i.e., the intersection points of , and must lie within the triangles formed by the images of , and in the three projection planes. If this is not true, i.e., if the origin lies outside the triangle, then a linear motion of the origin will result in a net force originating from a point inside the triangle, which would have a nonzero distance from the origin. This would produce a nonzero torque that is perpendicular to the direction of linear motion (see Fig. 7 ). This would contradict the fact that a linear motion of the Loncaric center of stiffness in the direction would produce a torque in the direction only.
The axes of , and are three lines passing through the tunnel of the hyperboloid, which is the location where the three lines are the closest. From intuition, if the image of a point lies within the triangles formed by the images of three spatial lines projected onto the , and planes, respectively, then the point is likely to be located inside the parallelopipe enclosed by the three spatial lines, which will be located inside the tunnel of the one-sheet hyperboloid by symmetry. The exact geometric reasoning requires further investigation.
Several MATLAB simulations are tried. First, a random isotropic stiffness matrix is generated. Then, it is transformed by moving the reference frame to the Loncaric center of stiffness.
is constructed with , and all passing through the new origin.
, and are then constructed with the above method. Afterwards, all springs are projected onto the , and planes. In all cases, the origin is found always lying within the triangles made up of , and . It is also observed that most often, the origin is located near to, and usually inside, the tunnel (see Fig. 8 ).
V. EXAMPLE
A random symmetric isotropic stiffness matrix is generated.
The configuration of the coordinate frame of the Loncaric center of stiffness [8] is then calculated. Afterwards, is transformed to the new coordinate frame using the formula , where is the adjoint transformation matrix of . The transformed stiffness matrix then becomes as follows:
and are then constructed using the algorithm in Section III.
is first constructed by selecting three line springs passing through the new origin. The directions of the first and second springs are selected randomly According to Theorem 1, the center of the hyperboloid of is then calculated to be . See Fig. 8 for the plot of springs of .
VI. CONCLUDING REMARKS
We have presented an algorithm for the realization of an isotropic stiffness matrix using six springs selected based on their positions and directions. The relation of these six springs is given by a simple constraint in (6) . From the perspective of physical interpretation, this constraint represents some interesting geometric shapes. An isotropic stiffness matrix usually consists of the sum of two rank-3 matrices, each of which can be synthesized with three simple line springs lying on the generator lines of two hyperboloids of one sheet. Specifically, if the three line springs of the first stiffness matrix pass through a common point, which is also taken as the origin of the reference frame, then this matrix will produce pure force only, and all the torque will be generated by the second matrix.
The study of the relationship of line springs using the present model in 3-space is definitely easier than direct investigation in . It would also bring more insight to utilization of the result in robotic applications. For example, given a stiffness matrix to be applied to an object by the robot fingers, we can treat the fingers as line springs, and find and so that the axes of the six springs pass through the object. If is made up of three line springs meeting at a single point inside the object, and the tunnel of the characteristic hyperboloid of also lies inside the object, then we are sure that the grasp is possible. An efficient algorithm for checking such a possibility is to be further investigated, together with the exploration of other geometric constraints on the six constituent line springs. For any given isotropic stiffness matrix , there might be a minimum size in space representing the minimum distances between any six constituent springs.
Finally, as the direction of can be selected arbitrarily without affecting the configuration of , can be selected to intersect the hyperboloid. In such a case, can be selected so that it meets . The intersection point might be a contact point of a finger producing the required stiffness for the two springs. Hence, in general, five contact points are sufficient for synthesizing a given isotropic stiffness matrix on an object. Four of the contacts provide one-dimensional linear stiffness, and the other provides two-dimensional stiffness control.
APPENDIX A
Alternative Reciprocal Condition
The method of synthesis in reference [12] first factors a given stiffness matrix into . Then it shows that a matrix always exists, such that the column vectors of are isotropic. Afterwards, the columns of become the vectors for the six component springs.
Theorem 3: where is equivalent to [12] , where
Proof: Let . implies
This shows that . The reverse implication can be verified similarly.
APPENDIX B
Proof of Theorem 1
Proof: By assumption, is rank-3. We can factor out and obtain the following: 
where , i.e., . Hence, implies which, on expanding, will produce (42) This is the equation after translating the origin to and rotating the reference frame axes to the column vectors of . By assumption, is nonzero and its sign is related to that of , and as follows:
We see that only cases 2 and 3 will satisfy (42), and it will then become the equation of a hyperboloid of one sheet. If is rank-2, then the surface can be shown to be two intersecting planes passing through the origin. Detail is skipped.
